Double and negative reflection of cold atoms in non-Abelian gauge potentials 
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Atom reflection is studied in the presence of a non-Abelian vector potential proportional to a 
spin-1/2 operator. The potential is produced by a relatively simple laser configuration for atoms 
with a tripod level scheme. We show that the atomic motion is described by two different dispersion 
branches with positive or negative chirality. As a consequence, atom reflection shows unusual 
features, since an incident wave may split into two reflected ones at a barrier, an ordinary specular 
reflection, and an additional non-specular one. Remarkably, the latter wave can exhibit negative 
reflection and may become evanescent if the angle of incidence exceeds a critical value. These 
reflection properties are crucial for future designs in non-Abelian atom optics. 

PACS numbers: 03.75.-b, 42.50.Gy, 42.25.Bs 
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Introduction Atomic mirrors, created by optical [l[ 
or magnetic [2| potential barriers, play a crucial role in 
atom optics enabling to manipulate matter waves. Wave 
reflection at a mirror is typically specular, where the re- 
flection angle equals the incidence one. However, richer 
reflection scenarios are also possible. For optical waves a 
double reflection appears in optically active media, such 
as in chiral liquids characterized by different refractive 
indices for left and right polarized light 0]. This man- 
ifests itself as a tiny splitting of the reflected wave into 
two parts W . An additional striking example is Andreev 
reflection p, Q m which an electron incident at the in- 
terface between a normal metal and a superconductor is 
reflected to a positively charged hole propagating back- 
wards, where the missing charge of 2e enters the super- 
conductor as a Cooper pair. 

Artificial electromagnetism for cold neutral atoms is 
attracting a growing attention. A proper manipulation 
of atoms in optical lattices may allow for the observation 
of Hofstadter butterfly energy spectra Q and paradoxi- 
cal geometries Q, as well as for the generation of non- 
Abelian gauge potentials Alternatively, Abelian and 
non-Abelian gauge potentials may be induced by means 
of laser fields actin g on atoms in, respectively, lambda 
[Io| and tripod 11 Il2. H3I ] schemes of electronic levels. 
Non-Abelian gauge potentials lead to a number of distinc- 
tive properties, e.g. modification of the metal-insulator 
transition [bj | or non-Abelian Aharanov-Bohm interfer- 
ometric effects 0, [IB} . Recently, it was shown [li} that a 
tripod-scheme provides quasi-relativistic physics for cold 
atoms, similar to that for electrons in graphene [T7I ] . 

In this Letter we analyze atom reflection in the pres- 
ence of a non-Abelian vector potential proportional to a 
spin-1/2 operator produced by a relatively simple laser 
arrangement for tripod-scheme atoms. We show that the 
appearance of two different dispersion branches with pos- 
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FIG. 1: (Color online) Three light fields acting on atom in a 
tripod configuration of energy levels involved. 



itive or negative chirality leads to a double reflection at 
the mirror, an ordinary specular reflection, and an ad- 
ditional non-specular one. Remarkably, the latter can 
exhibit a negative reflection, resembling the Andreev re- 
flection [y]. The negatively reflected wave becomes 
evanescent if the angle of incidence exceeds a critical 
value. These reflection properties could become crucial 
for the design of future non-Abelian atom optics devices, 
as e.g. non-Abelian atom interferometers [9l [lij]. 

Adiabatic motion of tripod atoms In the following we 
consider an atom with a tripod electronic level scheme 
{|0>, |1), |2), |3)} (see Fig |Tk) under the influence of three 
stationary laser beams [ill Hil [l8l . The j-th laser 
induces a resonant atomic transition (with a Rabi fre- 
quency Oj) between \j) and |0). These can be for in- 
stance the transition 2 3 Si <-> 2 3 Po in 4 He* or the transi- 
tion bS 1/2 {F = 1) <-> 5P 3/2 (F = 0) in 87 Rb. 

The electronic Hamiltonian of the tripod system reads 
in the interaction representation [ll[ 



J?o = -fi|0>(fii(l|+ft2(2| + fi 3 (3| 



H.c. (1) 



Thus |0) is coupled only to the bright state \B) = (fi*|l)+ 
n* 2 \2) + n* 3 \3))/n, where Q = (|^i| 2 + |ft 2 | 2 + |ft 3 | 2 ) 1/2 



2 



is the total Rabi frequency. The two states \B) and |0) 
split into a dressed doublet |±) = (\B) ± |0))/a/2 with 
energies ±M2. The remaining two eigenstates \Dj) (j = 
1,2), known as dark states, are orthogonal to \B) and 
hence are decoupled from the light fields, H \Dj) = 0. 
We assume that the light fields are sufficiently strong, 
so that Q is large compared to the two-photon detuning 
due to the laser mismatch and/or Doppler shift. The 
dark states are thus well separated in energies from the 
doublet |±), and the internal atomic state evolves within 
the dark state manifold. The full atomic state- vector |$) 
can then be expanded in terms of the dark states, |$) = 
J2j=i -(r)), where ^(r) is a wave-function for 

the center of mass motion of an atom in the j-th dark 
state. The two-component spinor-likc wavefunction \P = 
{^i,^2} T obeys the Schrodingcr equation ihd^/dt — 
H 1 ^, with the center of mass Hamiltonian II ll 




FIG. 2: (Color online) Upper (blue dashed) and lower (red 
solid) dispersion branch for tripod atoms in light fields. 
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where M is the atomic mass. The gauge potentials 
A and $ emerge due to the spatial dependence of 
the dark states. The 2x2 matrix A with the ele- 
ments A nm = ih(D n (r)\VD m (r)} represents the effec- 
tive vect or p otential known as the Mead-Berry connec- 
tion [H El Ei HE ED, H3- The 2 x 2 matrix $ with 
elements = (ft 2 /2M){D n {r)\V 'B{v)){B{r)\V 'D m (r)) 
acts as an effective scalar potential. Finally, the 2x2 
matrix V with elements V nm = (D n (r)\ V\D m (r)) is 
an external potential for the dark-state atoms. Here 

V = J2 3 j=i v j( r )\j)Ul with V j( r ) bein S the trapping po- 
tential for an atom in the j-the internal state. Note that 
the potential Vj can also accommodate a detuning of the 
j-th laser from the resonance of the j — ► transition. 

Laser arrangement Although elaborate laser config- 
urations may allow for a wealth of possible gauge po- 
tentials in the tripod scheme ll|, here we concentrate 
on a relatively simple laser setup providing non Abelian 
potentials. The first two laser beams are assumed to 
counterpropagate with the same intensity along the x- 
axis, fix = nsm6e- lKoX /V2 and fi 2 = fi sin 9e iKoX /V2, 
and the third one propagating in the z-direction [l6j |. 



fi 3 = Clcosde 1 



Here kq is the wave-number, and the 



mixing angle 9 characterizes the relative intensity of the 
third laser. A set of two dark states is then given by 



\Di) = 2 
\D2) 



- 9-1/2 



(|I>-|2» e- 



2- 1/2 cos<9 (|1) + |2)) -sin0|3) 



(3) 
,(4) 



with k' — Ko(l — cos 8), where the modified atomic 
state-vectors |1) = |1) exp[zK (a; + z)] and |2) = 
|2) exp[— ikq(x — z)] accommodate the phases of the laser 
fields. An additional phase factor exp(i«;'z) introduces a 
shift in the origin of the momentum k — > k + k'b z . By 
imposing cos 8 = \[2 — 1, the vector potential becomes 



A = —hKa±, where a± = e x a x + e z a z is the operator 
of spin 1/2 in the xz plane, and k = Kocos# ~ 0.414ko- 
The Cartesian components A x and A z are proportional 
to the Pauli matrices a x and <j z which do not commute, 
so the vector potential A is non- Abelian. Note that sim- 
ilar non- Abelian gauge potentials can also be induced by 
means of standing waves in a tripod setup [l2l . [l3| or by 
state selective tunneling in optical lattices [9(. 

Furthermore we take the trapping potentials V\ = Va 
and V 3 - Vi = ftK§sin 2 6»/2M. This can be achieved by 
detuning properly the third laser from the two-photon 
resonance. Hence the overall trapping potential V+<& be- 
comes proportional to the unit matrix, both dark states 
being affected by the same potential V\ = V\ (r) , giving 

H=^- i (-ihV + hKa 1 _) 2 + V 1 (v). (5) 

Dispersion law We shall consider a two dimensional 
case where the atomic motion is confined to the xz plane. 
If the trapping potential V\ is constant, the eigenfunc- 
tions of the Hamiltonian (O are the plane waves 



n (r) 



9^' 



5k = 



1 =F ie ilfik 
-i ± e lVk 



(6) 



where tpk is the angle between the atomic wave-vector 
k and the x-axis. The two-component spinors are 
eigenfunctions of the chirality operator cr^ = a ■ k//c rep- 
resenting a spin along the atomic motion, <7k5k = -'-Sk- 
it should be emphasized that the chirality is here asso- 
ciated with the subspace of two dark states rather than 
with the spin in the usual sense. 

The corresponding eigenenergies of the Hamiltonian 



are isotropic, Hlu^ = ftuj^, with 



2M 



{k±K) 2 +fhuJ Q + Vi, 



(7) 



where luq — Hk 2 /2M is the recoil frequency. The rela- 
tive dispersion lo^/loo is plotted in Fig. [5] for V\ = —hujQ. 
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rality for < k < k (a) and k < k < 2k (b). 10 20 30 40 50 60 70 80 90 
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The upper (lower) dispersion branch is characterized by 
a positive (negative) chirality. For small wave-numbers 



k <C k the dispersion is linear, 



±fc, so the atoms 



behave like ultra-relativistic Dirac fcrmions I16H similar 



to electrons in graphene 17|. For larger wave- numbers 
each k — k\ < 2k has a counterpart, k 2 = 2k — k, char- 
acterized by the same eigen-frequency fiw^ = fe^T and 
opposite slope in the lower dispersion branch h23J|. As 
shown below, this leads to unusual reflection properties. 

Double and negative reflection of atoms To prepare 
an incident atom in the lower dispersion branch we sug- 
gest the following procedure. Initially the first two lasers 
are on, the third laser is off, and the atom is in the 
internal state |3) coinciding (up to a phase) with the 
second dark state, I-D2) = |3) exp(— ik'z). The atomic 
center of mass motion is initially characterized by a 
wave- vector kj n = k- ln e z 24], giving the full state vector 
l^) = I-D2) exp(ikz), where k = fc; n + k'. Subsequently 
the laser 3 is switched on slowly, so that the atom re- 
mains in the dark state \D2). Yet the duration of the 
switching-on should be short enough to avoid any sub- 
stantial atomic motion at this stage. Since k = fce 2 , the 
spinor g^ represents the dark state \D 2 )- Hence one ar- 
rives at the atomic state- vector |$) corresponding to the 
negative-chirality solution ^B^, as required. The atoms 
prepared in this way will propagate along the z axis for 
k > k or opposite to it for k < k. 

The atoms are impinging on an infinitely high potential 
barrier at an angle of incidence a. We shall take k < 2k, 

so that both reflected waves and remain in the 

1 2 

lower dispersion branch with wave-numbers k\ = k and 
k 2 = 2k — k. Fig. [3Jd shows the case of an incident wave 
with k < k < 2k. Here the group velocity v k = du> k /dk 
is positive, so the wave- vectors of the incident and second 
reflected waves point inwards to the surface, whereas the 
wave-vector of the first reflected wave points outwards 



from the surface. Since v v . 



this ensures the 



forward propagation of the incident wave and backward 
propagation of the reflected ones. Fig. [3^ illustrates a 
situation where < k < k. Here the group velocity v k 
is negative and hence the wave-vectors are reversed. 



FIG. 4: (Color online) Reflection probabilities Pi and P2 for 
k/n — 0.5 and k/n — 1.1. 



In front of the barrier the solution to the stationary 
Schrodinger equation (H — ftw^)^ = is a linear super- 
position of the incident wave and two reflected waves: 



ki 



(8) 



The wave- vector is conserved along the reflection plane, 
fen = fciii = k 2 \\, so the first wave exhibits an ordinary 
reflection with the reflection angle equal to the angle of 
incidence, ct\ = a. The second wave is characterized 



by the opposite group velocity v k = —v k = 
hence it experiences a negative reflection at an angle 



^1' 



and 



« 2 



arcsm sin 



(a)k/k 2 



(9) 



The reflection coefficients r\ and r 2 are determined using 
Eqs. (JHJ) and (jHJ) together with the boundary condition at 
the potential barrier ^Ibarricr = 0, giving 



+ e ia 2 ' 



r 2 = -1 - n . 



The corresponding reflection probabilities are 



Pi = \ri\ 2 , 



CQSQ 2 2 

"2 = M 

cos a 



(10) 



(11) 



with Pi + P 2 = 1, where the weight factor cos a 2 j cos a 
appears when calculating the flow of atoms in and out 
of the surface for the incident and reflected waves. The 
probabilities P\ and P 2 plotted in Figure S] are seen to 
depend both on the angle of incidence a and also on 
the wave- number k. For small angles, aC 1, there is 
predominantly a negative reflection to the second branch, 
I Pi I -C 1 and IP2I w 1. For large angles of incidence 
(a — > 7r/2) and < k < k we have mostly a specular 
reflection to the first branch, |P 2 | <C 1 and |Pi| w 1. 

If k < k < 2k, the situation is more complex. In this 
case the second reflected wave becomes evanescent when 
the angle of incidence a exceeds a critical value given by 
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FIG. 5: (Color online) Reflection of an atomic wave-packet 
with a negative chirality for a — 15°, k — 1.5k (left) and a = 
65°, k — 0.5k (right). The incident wave-packet is taken to be 
Gaussian with momentum width Ak — 0.1k. An additional 
arrow indicates the incident direction. 



sina cr it = k^/k, i.e. for kn = k 2 \\ > k 2 . Consequently the 
out-of-plane projection of the wave-vector \i 2 becomes 

imaginary, k 2 ± — —iq, with q = yjk^ — fc|. In the region 

where x < we can once again use Eq. ([8]) in which W^, 
is now an evanescent wave. The boundary condition at 
the potential barrier gives the reflection coefficient 



e M ^/fc|| + q - iy/k\\ — q 



V fc ll + <? + V fc ll "5 



(12) 



with |ri| = 1. Thus there is a total reflection to the 
first mode at an angle a\ = a accompanied by a phase 
shift, with the second reflected wave being evanescent. 
The phenomenon resembles the total internal reflection 
of optical waves at an interface with an optically thinner 
medium. In our situation, however, the evanescent wave 
is the reflected wave rather than the refracted one. 

Our plane-wave analysis may be easily extended to 
the case of wavepacket reflection. Similar results may 
be found if the momentum width of the wavepacket Ak 
is sufficiently small with respect to k. Fig. [5] displays 
the double and negative reflection of atomic wavepack- 
ets from an atomic mirror, for an incident wavepacket 



*(r) 



/(r), with /(r) a Gaussian, and k the 



central wavenumber. The propagation direction and pop- 
ulation of each of the reflected wave-packets are in good 
agreement with the analytical plane-wave results ©- 
(fTTj) . Similar results are also found for more realistic 
Gaussian or evanescent atomic mirrors [HQ, as long as 
the potential barrier is sufficiently high compared to the 
incident kinetic energy. Lower barriers would lead to par- 
tial reflection, transmission and tunneling, whose physics 
will be the subject of further investigations. 

Summarizing, the reflection of atoms under a non- 
Abelian gauge potential presents unusual features. In 
particular, one can have a double reflection comprising a 
specular and a non-specular one. Remarkably, the latter 
wave shows negative reflection due to the special prop- 
erties of the dispersion law, and becomes evanescent for 



sufficiently large incident angles. Atom mirrors are a key 
tool in atom optics. Hence the anomalous reflection prop- 
erties may be of crucial importance for the design of non 
Abelian atom optics elements, e.g. atom interferometers 
which exploit the non- Abelian Aharanov-Bohm effect. 
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